Abstract⎯In this paper, a first-order equation with state-dependent delay and a nonlinear right-hand side is considered. The conditions of the existence and uniqueness of the solution of the initial value problem are supposed to be executed.The task is to study the behavior of solutions of the considered equation in a small neighborhood of its zero equilibrium. The local dynamics depends on real parameters, which are coefficients of the right-hand side decomposition in a Taylor series.The parameter, which is a coefficient at the linear part of this decomposition, has two critical values that determine the stability domain of the zero equilibrium. We introduce a small positive parameter and use the asymptotic method of normal forms in order to investigate local dynamics modifications of the equation near each two critical values. We show that the stability exchange bifurcation occurs in the considered equation near the first of these critical values, and the supercritical Andronov-Hopf bifurcation occurs near the second of these values (provided the sufficient condition is executed). Asymptotic decompositions according to correspondent small parameters are obtained for each stable solution. Next, a logistic equation with state-dependent delay is considered to be an example. The bifurcation parameter of this equation has the only critical value. A simple sufficient condition of the occurrence of the supercritical Andronov-Hopf bifurcation in the considered equation near a critical value has been obtained as a result of applying the method of normal forms.
INTRODUCTION
Let us consider the state-dependent delay equation (1) Function F is fairly smooth in the neighborhood of , and is an analytical function in the neighborhood of the same point, with and for all argument values. Similar equations arise in a number of applications (see, e.g., [1] [2] [3] [4] [5] [6] ).
A lot of techniques for studying dynamics of equations with constant delays have been developed; however, state-dependent delay equations arise quite commonly in applied problems. It has been established in a number of papers that the methods of the theory of constant-delay equations are applicable for analyzing the dynamics and properties of state-dependent delay equations in many cases (see, e.g., [7] [8] [9] [10] ). Problems of the existence and stability of solutions have been considered, e.g., in [5, [11] [12] [13] . Local dynamics of Eq. (1) under large delay was studied in [14] .
We make an a priori assumption that inequality is fulfilled for solutions of Eq. (1) for a certain positive M. Then, the boundedness of a continuous function T(u) may be ensured as follows:
. Denote , and supplement Eq. (1) with the initial condition Thus, the space of functions, which are continuous at X and bounded by constant M in absolute value, is a phase space for Eq. (1).
( )
Let us state a problem of studying the behavior of solutions of (1) in a small neighborhood of the equation's zero equilibrium. Since u is assumed to be small, functions and can be conveniently decomposed using the Taylor formula
Condition is fulfilled due to positivity constraint to throughout the whole definition domain. The structure of the paper is as follows. Linear analysis of equation (1) is presented in Section 1, and dependence of local dynamics of this equation on its parameters is studied in Sections 2 and 3. In Section 4, logistic equation with state-dependent delay (Hutchinson's equation) is considered as an example, and the condition of the Andronov-Hopf bifurcation occurrence is obtained. Hutchinson's equation dynamics with a state-independent delay is studied in [15] . In all cases, the method of normal forms is used to study the dynamics.
LINEAR ANALYSIS
To investigate the dynamics of Eq. (1), we construct the equation linearized at the zero equilibrium (4) This is a constant-delay equation. It is well known (see, e.g., [16] Thus, and are bifurcation points for the zero equilibrium of Eq. (1). Let us study how this equilibrium loses stability when parameter a passes through these values.
STABILITY EXCHANGE BIFURCATION
First, let us study the case of , where . We use the method of normal forms (see, e.g., [17] [18] [19] ) and perform the asymptotic substitution in Eq. (1) as follows: (5) where, . Then, Taking into account the smallness of u, we rewrite Eq. (1) in a different way. To do this, we formally write the Taylor expansion for using equality (3):
and substitute this expansion into (1) as follows:
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The order of items in the right-hand side of (6), which includes the derivative of function u, will be above . After substituting (5) into (6),we obtain the following equation:
We equalize coefficients at the same powers. We obtain the identity for and, for , we obtain (7) Equation (7) is a normal form for (1) in the neighborhood of zero under the condition that a is close to 1. Theorem 2. Equation (7) 
ANDRONOV-HOPF BIFURCATION

Construction of a Normal Form
Here, we study the behavior modification of solutions of Eq. (1) in the neighborhood of zero, when a passes through . Assume in (1) that where According to the philosophy of the method of normal forms, we perform the asymptotic substitution in (1) (8) where and ( ) are periodic functions with respect to t with a period of After the substitution, we obtain an equality that has a series in terms of powers of in both the leftand right-hand sides. We start the equalizing coefficients at the same powers.
We obtain the identity for and, for we obtain a linear nonhomogeneous first-order equation with constant delay with respect to as follows: 
GOLUBENETS
The right-hand side of this equation does not include resonance items and, therefore, its solution can be found in the form of By substituting this into (9), we determine as follows: (10) Once again, we obtain a linear nonhomogeneous first-order equation with constant delay with respect to at as follows: (11) where (12) and values and are defined by formulas (10) . The accurate value of constant k is not important to us. Equation (11) has resonance items in its right-hand side because the characteristic equation for Eq. (4) has a pair of purely imaginary roots at Solvability of Eq. (11) in the category of bounded functions allows us to obtain the normal form for Eq. (1) which has the next form:
Analysis of the Normal Form
By switching to polar coordinates in (13) via the substitution ( ) and introducing the notation we obtain (14) In the case of and , all solutions of the first equation tend to the equilibrium i.e., all solutions tend to the cycle with radius whereas at and all solutions (except the zero one) monotonously tend to infinity. Formula (8) links the periodic solution of system (14) with the periodic solution of Eq. (1) for the stated problem. Therefore, the one should determine signs of real numbers η and d in order to investigate local dynamics of Eq. (1).
We have due to equalities (12) and inequality therefore, the only thing left is to determine the sign of d.
After performing standard procedures, we obtain the following expression for d: 
Here, is determined by the formula where Since the denominator in the right-hand side of (15) It is worth pointing out that the problem of studying the dynamics of Eq. (1) under condition V(a 0 ) > 0 becomes nonlocal. This means that there are no stable modes in the neighborhood of the zero equilibrium. Thus, when conditions of Theorem 3 are fulfilled, supercritical Andronov-Hopf bifurcation occurs in Eq. (1). This situation is represented in Fig. 2 . The graph for the solution of equation (1) in case of < 0 is shown on the left; it can be seen that zero equilibrium is stable. The right part demonstrates the case of it can be seen that the trajectory shown in this panel approaches the periodic trajectory. is one of fundamental equations of mathematical ecology (see, e.g., [20] ). Here, we consider this equation for the case of state-dependent delay: (16) where is the parameter. Assume that solution is bounded at by a certain constant , as well as the positivity and upper boundedness of analytical function by constant throughout its whole definition domain. In addition, we assume that without a loss of generality. The problem is to investigate local dynamics of (16) It is also known that this equilibrium loses its stability as a result of the supercritical Andronov-Hopf bifurcation.
LOCAL DYNAMICS OF LOGISTIC EQUATION WITH STATE-DEPENDENT DELAY
By performing the substitution in (16) with close to zero and decomposing using the Taylor formula we obtain (17) Assume that where Similar to Section 3, we use the method of normal forms, while performing the substitution in (17) where and functions ( ) are four-periodic with respect to t. We equalize the coefficients at the same powers of and, taking into account the boundedness constraint for the selection of function , for we find that the normal form of Eq. (16) is set by the equation (18) where Keeping the notation from Section 3.2 we perform substitution in (18) , and obtain the system similar to (14) , where and the first Lyapunov value is
The fact that condition is fulfilled indicates that the supercritical Andronov-Hopf bifurcation occurs in Eq. (16) . Inequality is equivalent to the system of inequalities 
Here, Approximate values for are as follows:
Domain (19) is shown in Fig. 3 . CONCLUSIONS The ways of destabilizing the zero equilibrium of Eq. (1) in the case of the passage of parameter a through values 1 and were studied in the paper. In particular, the occurrence of stability exchange bifurcation was established in the first case, and the sufficient condition of supercritical Andronov-Hopf bifurcation occurrence was found in the second case. In both cases, asymptotical approximations were obtained for solutions that gain stability as a result of bifurcation. The obtained results were applied to studying the local dynamics of Hutchinson's equation with state-dependent delay.
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